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The quantum dynamis of a two-state system (qubit) an be governed by means of
external ontrol parameters present in time-dependent bias pulses of speial forms.
We onsider the lass of biases for whih the time evolution equation without a
dissipation an be solved exatly. Conentrating for deniteness on the ux qubit we
alulate the probability of the denite diretion of the urrent in the loop and its
time-averaged values as funtions of the qubit's ontrol parameters both analytially
and solving numerially the equation of motion for the density matrix in the presene
of relaxation and deoherene. It is shown that there exist suh time-dependent biases
that the denite urrent diretion probability with no dissipation taken into aount
beomes a monotonously growing funtion of time tending to a value whih may
exeed 1/2. We also alulate the probability to nd the system in the exited state
and show the possibility of the inverse population in a properly driven two-state
system provided the relaxation and dephasing rates are small enough.
PACS numbers: 03.67.Lx, 03.75.Lm, 85.25.Am
I. INTRODUCTION
In the past few years Josephson juntions-based devies have been widely studied
both theoretially and experimentally as possible andidates for the implementation
of a quantum omputer [1℄-[9℄. In fat, under appropriate values of external bias
pulses, they behave as two-state systems whih an be used as a model for quantum
bits (qubits). Several systems like ion traps and NMR systems [10℄, [11℄ have been
suggested for physial realizations of the qubit but Josephson devies being salable
up to large numbers of qubits as nanoomponents embedded into an eletroni iruit
exhibit the main tehnologial advantage. Moreover, it is possible to prepare these
2devies in a prexed initial state or in a superposition of states and to ontrol their
dynamis by an external voltage and magneti ux [12℄.
One ommon approah to ontrol the qubit dynamis is to drive the two-state
system, i.e. a partile in a double well potential, with an osillating eld. As a result
an interesting phenomenon may take plae. Instead of osillating between the wells the
partile may beome loalized in one of them. Suh an unusual behavior of the quantum
partile is known in the literature as oherent destrution of tunneling in double-well
potential studies [13℄-[18℄, dynami loalization in transport analysis [19℄, [20℄ and
population trapping in laser-atom physis [21℄. It is worth stressing that up to now
the phenomenon was essentially related with an osillating harater of the driving
external eld.
In the present artile we show that the osillating harater of the eld is not
ompulsory for appearane of the phenomenon. We present a lass of non-periodial
time-dependent bias pulses leading to a similar behavior of the qubit.
A qubit in the two-state approximation an be desribed (see e.g. [12℄, [22℄) by the
Shrodinger equation
i
∂Ψ
∂t
= HΨ
with the Hamiltonian
H = ∆σx + ε (t) σz , ~ = 1 (1)
written down in the basis of physial states {|0〉 , |1〉}, whih are the eigenstates of the
Pauli matrix σz (σz |0〉 = |0〉, σz |1〉 = − |1〉) and Ψ = (ψ1, ψ2)T . In the ase of a harge
qubit [1℄, these states orrespond to a denite number of Cooper pairs on the island
(Cooper-pair box). For a ux qubit [23℄, they orrespond to a denite diretion of the
urrent irulating in the ring. In this paper we assume that the tunnelling amplitude∆
is onstant and the bias ε is a time-dependent funtion, ε = ε(t). Bias ε(t) is governed
by gate voltage Vg(t) of the gate eletrode lose to the Cooper-pair box in the ase of a
harge qubit and by magneti ux Φx(t) piering the qubit's loop in the ase of a ux
qubit.
For deniteness we will onsider here ux qubits. Then physial states {|0〉 , |1〉}
are the states with the denite (lokwise or ounter-lokwise) diretion of the urrent
in the loop. The above mentioned time-dependent biases are, in fat, potentials for
whih Shrodinger equation (1) an be solved exatly [24℄-[27℄. Thus, the probability
alulated using these exat solutions is, for example, probability P ↑ of lokwise
3urrent diretion. We demonstrate that for some speial non-periodial forms of
potentials the probability of the lokwise urrent diretion at the moment t, if at t = 0
it was ounter-lokwise, beomes a monotonously growing funtion of time tending
to 3/4. Of ourse this is a stritly xed exitation regime but we also study the
behavior of the probability under small deviations from this spei regime. It should be
noted that when parameters of the model are lose enough to their spei values, the
probability osillates but its minimal value may exeed 1/2. It is established that suh
an unusual behavior of the probability is possible even in the presene of a dissipation.
We study not only the time evolution of the probability, but also its time-averaged
value. Moreover, we also alulate the probability of nding the system in the exited
state and show the possibility of the inverse population in the two-state system even
in the presene of a dissipation. Our main result is that using a properly hosen non-
periodial time-dependent potentials one an freeze the qubit state i.e. loalize only
one of the two possible qubit states for a long time interval. We note that the probability
of the denite urrent ow (or equivalently, the denite magneti moment of the qubit)
is related diretly to experimentally measurable values suh as the phase shift of the
resonant iruit, weakly oupled to the qubit (as disussed, e.g., in Ref. [28℄). Moreover,
this physial basis is usually used in quantum omputations. Thus, we hope that our
results oer new opportunities for ontrolling the qubit behavior. Additional disussion
about ontrolling the level population an be found in Refs. [29℄-[32℄.
II. EXACTLY SOLVABLE BIAS PULSES
In order to onstrut an exat solution of a dierential equation the intertwining
operator tehnique sometimes may be useful. The idea of the method dates from
Darboux papers [33℄ and is widely used in the soliton theory [34℄. Its quantum
mehanial appliation (see e.g. [35℄) is related to the fat the one-dimensional
stationary Shrodinger equation is an ordinary seond order dierential equation
dened by the operator of the potential energy. The method is based on the possibility
to nd an operator (intertwining operator) that relates solutions of two Shrodinger
equations with dierent potentials. Thus, if one knows solutions of the Shrodinger
equation with a given potential and an intertwining operator is available, there exists
a possibility to onstrut solutions of the same equation with another potential, whih
annot be ompletely arbitrary but is an internal harateristi of the method. There
4exists also a matrix-dierential formulation of the method [34℄ whih was adapted to
quantum mehanial problems in Ref. [36℄.
In [24℄ it was shown how to onstrut dierential-matrix intertwining operators
for the system of two dierential equations of type (1). For that authors [24℄ rst
redue system (1) to the one-dimensional stationary Dira equation with an eetive
non-Hermitian Hamiltonian where the time plays the role of a spae variable and
then apply the known proedure developed in [36℄. Starting from the simplest ase
orresponding to ε = ε0 = onst, a new kind of nontrivial potentials (biases) for whih
Shrodinger equation (1) an be solved exatly were found. Here we apply results
obtained in [24℄-[27℄ to desribe the time evolution of the qubit, time dependene of
the qubit loalization probability and alulate its time-averaged value.
Consider rst the ase when bias ε = ε(t) hanges in the following way:
ε1 (t) = ε0 − 4ε0
1 + 4ε20t
2
. (2)
In Ref. [24℄ a detailed analysis of solutions to equation (1) in this ase is given. Therefore
imposing the initial onditions |ψ1 (0) |2 = 1 and |ψ2 (0) |2 = 0 one nds probability
P ↑ (t) = |ψ2 (t) |2 of, for example, the lokwise urrent diretion at the moment t if
at t = 0 it was ounter-lokwise. For τ = ∆t and ξ = ε0
∆
it reads
P ↑1 (τ) =
1
Θ6 (1 + 4ξ2τ 2)
×[
16ξ4Θ2τ 2 cos2Θτ + 4ξ2Θτ
(
1− 3ξ2) sin 2Θτ + (4ξ2Θ4τ 2 + (1− 3ξ2)2) sin2Θτ] ,
(3)
Θ =
√
1 + ξ2 .
It is learly seen from here that P ↑1 (τ) is an osillating funtion provided ξ
2 6= 1
3
.
For ξ2 = 1
3
the probability beomes equal
P ↑1 (τ) =
τ 2
1 + 4
3
τ 2
, (4)
whih is a funtion monotonially growing from zero at the initial time moment till the
value 3/4 at τ ≫ 1 or t ≫ ∆−1 (see the thik line in Fig. 1a). It is important to note
that at ξ2 lose enough to 1
3
the value of probability P ↑1 exeeds 1/2 very quikly (see
the thin and dotted lines in Fig. 1a).
For the time-averaged probability one gets
P ↑1 =
1 + 5ξ2
2 (1 + ξ2)2
. (5)
5It follows from Eq. (5) that at ξ2 = 3
5
the averaged probability exhibits a kind of the
resonane behavior, i.e. it peaks to its maximal value P ↑1 ≈ 0.78, (see the thik line
in Fig. 2) although for any given ξ P ↑1 (τ) is a funtion asymptotially osillating with
frequeny 4
√
2
5
(see Fig. 1).
More exatly solvable potentials may be obtained with the help of hains of the
above simple transformations. Ref. [26℄ ontains a detailed analysis of the properties of
suh hains. The authors show how to generate a large family of new exatly solvable
biases for equation (1). For a two-fold transformation leading to the bias of the form
ε2 (t) =
ε0 (45− 180ε20t2 − 144ε40t4 + 64ε60t6)
9 + 108ε20t
2 + 48ε40t
4 + 64ε60t
6
(6)
the lokwise urrent diretion probability is given by
P ↑2 (τ) =
1
Θ10 (9 + 108ξ2τ 2 + 48ξ4τ 4 + 64ξ6τ 6)
×
(
16ξ4Θ2τ 2
[
16ξ4Θ4τ 4 + 24ξ2
(
3− 14ξ2 + 7ξ4) τ 2 + 9 (9− 6ξ2 + ξ4)]
+ Q1
[
Q2 sin
2Θτ +Q3 sin 2Θτ
])
(7)
where
Q1 = 1− 10ξ2 + 5ξ4 ,
Q2 = 64ξ
6Θ4τ 6 + 48ξ4 (1− 18ξ2 − 19ξ4) τ 4 + 36ξ2 (3− 2ξ2 + 11ξ4) τ 2 + 9Q1 ,
Q3 = 12ξ
2Θτ (Θ2 (16ξ4τ 4 + 7) + 2 (4ξ2τ 2 + 1) (1− 5ξ2)) .
The last term in Eq. (7) desribes the osillations with frequeny 2Θ and, hene,
under the ondition Q1 = 0 the osillations in the time-dependene of the probability
disappear and it aquires a monotonous harater. Therefore, for ε as given in (6),
unlike (2), we an indiate two possibilities for Q1 = 0. So, the probability of the
lokwise urrent diretion turns from an osillating to a monotonous funtion of time
both at ξ =
√
1− 2/√5 and ξ =
√
1 + 2/
√
5. This behavior is illustrated in Fig. 1b
(thik lines) where we also show an osillating harater of the probability for the
parameter ξ lose to the above ritial values (thin and dotted lines).
Time-averaged probability (7) for ε (t) of the form (6) is given by
P ↑2 =
1− 2ξ2 + 13ξ4
2 (1 + ξ2)3
. (8)
The ξ-dependene of P ↑2 is demonstrated in Fig. 2b by the thik line. It has a maximum
P ↑2 ≈ 0.91, at ξ ≈ 1.46.
6Let us onsider a more ompliated ase [24℄, [27℄ when the bias ontains three free
parameters
ε3 (t) = ε0 +
2ω2
b cos (2ωt+ ϕ)− ε0 , b
2 = ε20 − ω2 > 0 . (9)
Here ϕ is arbitrary but ε0 and ω should satisfy the inequality given in Eq. (9). We
note that in this ase ε = ε3(t) is a periodial funtion with an amplitude related with
frequeny. Expression (9) presents a generalization of formula (2). Indeed, putting
ϕ = arctan ω
2ε0
− 1
2
arctan ω
b
in Eq. (9), in the limit ω → 0 one reovers for ε result (2).
The analyti expression for P ↑3 (τ) is rather involved and we will restrit ourselves
to a graphial illustration of the lokwise urrent diretion probability at Θ ≈ ω
∆
, (see
Fig. 3). More graphial illustrations an be found in [24℄.
III. INFLUENCE OF A DISSIPATION ON PROBABILITIES
A quantum system desribed by a wave funtion whih is a solution of the
Shrodinger equation with Hamiltonian (1) interats only with an external eld
desribed by funtion ε(t). But in real experiments there is also an interation of a
Josephson juntion devie with an external reservoir whih makes impossible desribing
the system in terms of a wave funtion sine its state is not a pure quantum state
anymore and should be desribed withe the help of a density matrix (operator in
general see e. g [37℄) formalism. Suh kind of systems are partiularly important in the
ontext of quantum information proessing where environment-indued deoherene is
viewed as a fundamental obstale for onstruting a quantum information proessors
(e.g., [38℄).
In this setion we study the behavior of the qubit with bias ε(t) as given in
Eqs. (2), (6) and (9) taking into aount the dephasing and the relaxation proesses. We
also study a possibility of the inverse population in the two-level system and investigate
how it is inuened by a deoherene. It is worth notiing that in ontrast to Ref. [29℄,
where the authors investigate a three-level system, we study a possibility of the inverse
population for the two level system itself thus showing the possibility of building a
two-level based laser working at a low temperature.
To study the dynami behaviour of the qubit, we use the master equation for the
7density matrix. For the density matrix of the form
ρ̂ =
1
2

 1 + Z X − iY
X + iY 1− Z


we solve the equation of motion
i
∂ρ̂
∂t
= [Ĥρ̂]
to obtain the probability P ↑ = [1 − Z(t)]/2. The eet of the relaxation proesses
on the system due to a weak oupling to the environment an be phenomenologially
desribed by two parameters, the dephasing (Γϕ) and relaxation (Γrelax) rates (see e.g.
Ref. [39℄), whih we introdue phenomenologially thus obtaining the following system
of equations for X(t), Y (t) and Z(t):
dX
dt
= −2ε(t)Y − ΓϕX,
dY
dt
= −2∆Z + 2ε(t)X − ΓϕY,
dZ
dt
= 2∆Y − Γrelax (Z − Z(0)) .
In order to verify the possibility of the inverse population in the two-level system we
also alulate the probability P+ [39℄ of nding the system on the upper level (exited
state).
To see the inuene of the relaxation on probabilities P ↑1 and P
+
1 exhibiting a
monotonous time dependene for ε(t) in form (2) we hoose ξ = 1/
√
3 and plot them
in Fig. 4. We do not show the behavior of P ↑2 and P
+
2 orresponding to ε(t) as given
in (6) sine it is similar to that displayed in Fig. 4. Fig. 5 illustrates the evolution of
probabilities P ↑3 (t) and P
+
3 when ε(t) has form (9) with ξ =
1√
3
, β =
√
15
2
, ϕ = 0. Thik
lines on these gures orrespond to Γϕ = Γrelax = 0 when no relaxation is present in
the system. Thin and dotted lines just show the relaxation eet for Γϕ = Γrelax = 0.01
and Γϕ = Γrelax = 0.1 respetively. All values are in units of ∆. It is learly seen from
here that the inverse population is still possible even if the dissipation is present but
during a small time interval τ only.
Time-averaged probabilities P ↑1 and P
↑
2 are plotted in Fig. 2a and 2b as funtions
of dimensionless parameter ξ. Here the thik lines also orrespond to the absene of
the relaxation and the thin and dotted lines illustrate the relaxation eet for the
same values of Γϕ = Γrelax as in Figs. 4 and 5. The dash-dotted urves are drown for
Γϕ/∆ = Γrelax/∆ = 0.001. These results show the possibility of the inverse population
8only for small enough dissipation (see the dash-dotted lines) and for parameter ξ lose
enough to its ritial values when the averaged probabilities pik to their maximal
values.
IV. CONCLUSION
In onlusion, a two-state system subjeted to biases of speial forms, for whih the
Shrodinger equation is exatly solvable, was onsidered. For deniteness we studied
the time-evolution of the Josephson-juntion qubit, but the similar onsideration an
be applied to other realizations of a two-state system. We have demonstrated that
the dynamis of the Josephson-juntion qubit displays in these ases several nontrivial
features. Varying the form of the time dependent bias, one an hange qualitatively
the dynami behavior of the oupation probabilities. In partiular, the amplitude of
the osillating probability, desribing the denite urrent diretion in the loop, an
be tuned to zero, thus turning the probability to a monotonous funtion of time. We
alulate the probability of nding the system in the exited state and show that
the inverse population in the two-state system is possible even in the presene of a
dissipation. The observation of suh an oupation probability behavior may be related
to experimentally measurable values, whih would make an experimental veriation
of the theoretial preditions of the present paper.
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èñ. 1: Time dependene of lokwise urrent diretion probabilities. (a) P ↑1 probability
evolution at ξ =
√
1
2 (thin line), ξ = 1 (dotted line) and ξ =
√
1
3 (thik line). (b) P
↑
2
probability evolution at ξ =
√
2 +
2√
5
, ξ =
√
1.2 + 2√
5
and ξ =
√
1 +
2√
5
on the upper plot,
ξ =
√
1.05 − 2√
5
, ξ =
√
1.01− 2√
5
and ξ =
√
1− 2√
5
on the lower plot (dotted, thin and thik
lines respetively).
èñ. 2: ξ-dependene of time-averaged probabilities.
èñ. 3: Time dependene of lokwise urrent diretion probabilities. P ↑3 probability evolution
at θ = 6.88, Θ = 7, ξ =
√
48, ϕ = 0.
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èñ. 4: The inuene of relaxation on the probabilities. (a) The lokwise urrent diretion
probability P ↑1 at ξ = 1/
√
3. (b) The upper level oupation probability P+1 at ξ = 1/
√
3.
èñ. 5: The inuene of relaxation on the probabilities. (a) The lokwise urrent diretion
probability P ↑3 at ξ =
1√
3
, b =
√
15
2 , ϕ = 0. (b) The upper level oupation probability P
+
3 at
ξ = 1√
3
, b =
√
15
2 , ϕ = 0.
